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Mixtures of relativistic gases in gravitational fields:
combined Chapman-Enskog and Grad method and the Onsager relations
Valdemar Moratto∗ and Gilberto M. Kremer†
Departamento de F´ısica, Universidade Federal do Parana´, 81531-980 Curitiba, Brazil
In this work we study a r-species mixture of gases within the relativistic kinetic theory point
of view. We use the relativistic covariant Boltzmann equation and incorporate the Schwarzschild
metric. The method of solution of the Boltzmann equation is a combination of the Chapman-
Enskog and Grad representations. The thermodynamic four-fluxes are expressed as functions of the
thermodynamic forces so that the generalized expressions for the Navier-Stokes, Fick and Fourier
laws are obtained. The constitutive equations for the diffusion and heat four-fluxes of the mixture
are functions of thermal and diffusion generalized forces which depend on the acceleration and the
gravitational potential gradient. While this dependence is of relativistic nature for the thermal force,
this is not the case for the diffusion forces. We show also that the matrix of diffusion coefficients
is symmetric, implying that the thermal-diffusion equals the diffusion-thermal effect, proving the
Onsager reciprocity relations. The entropy four-flow of the mixture is also expressed in terms of the
thermal and diffusion generalized forces, so that its dependence on the acceleration and gravitational
potential gradient is also determined.
PACS numbers: 51.10.+y, 05.20.Dd, 47.75.+f
I. INTRODUCTION
The relativistic kinetic theory of gases is a subject that
began in 1911 when Ju¨ttner [1] proposed a relativistic
version of the velocity distribution function which cor-
responds to the Maxwellian distribution function in the
non-relativistic limiting case. Later, several studies have
been made, but for brevity’s sake we mention the books
[2, 3] where several applications of the relativistic kinetic
theory of gases are discussed.
This work represents a continuation of the study of
the properties of relativistic gases using the Boltzmann
equation in gravitational fields, this sub-area has not yet
been studied in depth. Here we quote some works [4–8]
on this topic which have been recently published.
The method used in this paper to solve the covariant
Boltzmann equation is a combination of the Chapman-
Enskog and Grad methods [9, 10]. It consists essentially
in doing an expansion of the distribution function for
each species which is the solution of the Boltzmann equa-
tion up to first correction. Such a procedure is like in the
Chapman-Enskog method. Then we impose that such
an expansion must be compatible with the solution of
the Boltzmann equation given by the method of Grad
[11]. In order to keep the linear regime we truncate the
Grad distribution function for each species up to linear
terms of the non-equilibrium pressure, pressure deviator
tensor, diffusion and heat four-fluxes. Therefore, we ob-
tain a linearized Boltzmann equation that is written in
terms of the local thermodynamic variables and fluxes:
diffusion, heat, non-equilibrium pressure and pressure de-
viator tensor. The next step is to get from that linearized
∗ moratto.valdemar@gmail.com
† kremer@fisica.ufpr.br
Boltzmann equation a set of linear algebraic system for
the fluxes. We generate one equation for each thermo-
dynamic flux through the multiplication of a dynami-
cal function of the particles by the linearized Boltzmann
equation and then the integration over the momentum
space. Hence, we find the constitutive equations for the
fluxes in terms of gradients of the local thermodynamic
variables and of a gravitational potential that arises from
the Schwarzschild metric. The laws of Navier-Stokes for
the non-equilibrium pressure and pressure deviator ten-
sor are obtained as well as the generalized Fourier and
Fick laws for the heat and diffusion four-fluxes.
It will be shown that there appears a generalized diffu-
sion force that has, not only dependence on the concen-
tration and pressure gradients but also on a contribution
of the four-acceleration and the gravitational potential
gradient. The contributions of four-acceleration and po-
tential gradient also appear as combined forces for the
heat flux and they were analyzed separately by Eckart
[12] and Tolman [13, 14]. In the case of Eckart, for a
relativistic gas in equilibrium and in the absence of grav-
itational fields, the temperature gradient is counterbal-
anced by an acceleration. On the other hand, in the case
of Tolman for a relativistic gas in equilibrium and in the
absence of an acceleration, the temperature gradient is
counterbalanced by a gravitational potential gradient.
In order to show that the Onsager reciprocity rela-
tions hold we manipulate the constitutive equations for
the heat and diffusion fluxes. The demonstration is gen-
eral in the sense that the interaction of the particles are
supposed to maintain the microscopic reversibility prin-
ciple.
The structure of this paper is as follows. We define
the problem in section II and establish the Boltzmann
equation and the definitions for both, the thermodynamic
variables and fluxes. In section III, we use a method of
solution of the Boltzmann equation that is a combina-
2tion of the Grad and Chapman-Enskog ones, the solu-
tion is truncated up to first order so we obtain linear
expressions. Such a process will lead us to an algebraic
system of equations for the thermodynamic fluxes that
when it is properly solved, expresses the thermodynamic
coefficients for an arbitrary inter-molecular interaction.
In section IV, we show that the Onsager reciprocity re-
lations hold for an arbitrary inter-molecular interaction.
Furthermore, we show that the laws of Fourier and Fick
are expressed in terms of generalized thermal and diffu-
sion forces in the presence of gravitational fields. To give
a more general representation, we show in section V that
the entropy four-flow of the mixture is a function of the
generalized thermal and diffusion forces. Section VI is
devoted to the calculation of the constitutive equation
for a relativistic Newtonian fluid, i.e., the Navier-Stokes
law. Ultimately, in section VII, we discuss the obtained
results.
II. BACKGROUND
In this section we will define the problem of a r-species
non-reacting mixture in a Riemannian space with metric
tensor gµν . The particles are supposed not have inter-
nal degrees of freedom. Each of these particles of the
constituent a = 1, ..., r have mass ma and are character-
ized by the space-time coordinates xµ = (ct,x) and the
momentum pµa =
(
p0a,pa
)
. The mass-shell condition, i.e.
gµνp
µ
ap
ν
a = m
2
ac
2 implies the following relationships for
the contravariant and covariant temporal components,{
p0a = (pa0 − g0ipia)/g00,
pa0 =
√
g00m2ac
2 + (g0ig0j − g00gij) piapja,
(1)
respectively. The analysis is developed within the tenets
of the general relativity, we adopt the Schwarzschild met-
ric gµν in which the line element reads [15]:
ds2 =
(
1− 2GM
c2R
)(
dx0
)2 − 1(
1− 2GMc2R
)dR2
−R2 (dθ2 + sin2 θdψ2) , (2)
in terms of the spherical coordinates
{
R, θ, ψ, ct = x0
}
.
Above, M is the total mass of the spherical source and
G is the gravitational constant. Here we shall use the
isotropic Schwarzschild metric, which reads
ds2 = g0(r)
(
dx0
)2 − g1(r)δijdxidxj , (3)
g0(r) =
(
1− GM2c2r
)2(
1 + GM2c2r
)2 , g1(r) = (1 + GM2c2r
)4
. (4)
Along the calculation we will use a relativistic param-
eter ζa =
mac
2
kT , where c is the speed of light, k the Boltz-
mann constant and T the local temperature, assumed as
an invariant. This parameter is convenient because it tell
us how relativistic is the system, for example, ζa ≫ 1 cor-
responds to a non-relativistic limit. On the other hand,
ζa ≪ 1 belongs to an ultra-relativistic limit.
The most fundamental equation in the kinetic theory
is the the Boltzmann equation; such an equation can be
obtained with two hypothesis as a basis. The first one
is that particles collide elastically and only collisions of
pairs are taken into account. The second one implies a
description of the system with one-particle distribution
function, that is equivalent to think that collisions rep-
resent a process that do not depend of what occurred in
the past with the particles. This last hypothesis is also
known in the literature as molecular chaos hypothesis.
In our case, the Boltzmann equation reads [3]:
pµa
∂fa
∂xµ
− Γiµνpµapνa
∂fa
∂pia
=
r∑
b=1
∫
(f ′af
′
b − fafb)Fbaσab dΩ
√−g d
3pb
pb0
, (5)
for the a-species. Here the Latin subindex denotes the
species, note that we have one equation with the same
structure of (5) for each component of the mixture a =
1, ..., r. The distribution function fa (x
µ, pµa) has a statis-
tical meaning, indeed the quantity fa (x
µ, pµa) d
3x d3pa at
time t, is the number of particles of the constituent a in
the volume element between x, x+d3x and pa, pa+d
3pa.
In equation (5) also appear the Christoffel symbols Γiµν
and the invariant flux Fba =
√
(pµapbµ)2 −m2am2bc4,
which plays the role of the relative velocity of the non-
relativistic Boltzmann equation. We have also the invari-
ant differential elastic cross-section σabdΩ for collisions
of species a and b, where dΩ is the corresponding solid
angle element. Integrals are made with the invariant dif-
ferential element
√−g d3pbpb0 , being
√−g = det [gµν ]. In
equation (5), quantities denoted with a prime are evalu-
ated with the momentum of the particles after a binary
collision occurs, i.e., f ′a ≡ f(x,p′a, t) and so on. The bi-
nary collision is characterized by the energy-momentum
conservation law pµa + p
µ
b = p
′µ
a + p
′µ
b .
Without solving Boltzmann’s equation we can obtain
two important results. The first one, arises from the H-
theorem and the definition of the thermodynamic vari-
ables. A situation of local equilibrium means that the
entropy four-flow production (see Eq. (29)) vanishes at
equilibrium. The solution of the collisional term of the
Boltzmann equation – when it is equal to zero – is the
well-known local equilibrium distribution function, which
reads
f (0)a =
na
4πkTm2acK2 (ζa)
exp
(
−Uµp
µ
a
kT
)
. (6)
Here na is the local number of particles of species a, the
modified Bessel function of second kind is represented by
Kn(ζ) =
(
ζ
2
)n
Γ(1/2)
Γ(n+ 1/2)
∫ ∞
1
e−ζy
(
y2 − 1)n−1/2 dy,
(7)
3and Uµ – with U
µUµ = c
2 – is the hydrodynamical four-
velocity. The set of local hydrodynamic variables that
describes the local equilibrium is {n1, ..., nr, Uµ, T }. For
the calculations that will be performed, it is convenient
to evaluate Eq. (6) in a co-moving frame, that is Uµ =(
c/
√
g0,0
)
yielding
f (0)a =
na
4πkTm2acK2 (ζa)
exp
(
−c
√
m2ac
2 + g1|pa|2
kT
)
.
(8)
The second important result that arises from the Boltz-
mann equation is the obtention of the balance equations,
for this purpose we proceed as follows. We multiply the
Boltzmann equation (5) by the collisional invariants, that
is, microscopic dynamical quantities that are conserved
between collisions, i.e., Ψa+Ψb = Ψ
′
a+Ψ
′
b and integrate
the resulting equation over
√−g d3papa0 . The collisional
invariants Ψa can take the value of the mass and the
energy-momentum of the colliding particles. To obtain
the particle four-flow balance equation for the a-species
we take Ψa = c and integrate, this process leads to the
conservation law
Nµa;µ = 0. (9)
Here the semicolon denotes a covariant derivative and we
have defined
Nµa = c
∫
pµafa
√−g d
3pa
pa0
, (10)
as the particle four-flow of species a. We now introduce
a general decomposition of Nµa in terms of the hydrody-
namic four-velocity as
Nµa = naU
µ + Jµa , where na =
Nµa Uµ
c2
(11)
denotes the partial particle number density. The quantity
J
µ
a is a space-like vector defined as
J
µ
a = ∆
µ
νc
∫
pνafa
d3pa
pa0
, (12)
and holds the property JµaUµ = 0. Above, we have intro-
duced the projector
∆µν = gµν − 1
c2
UµUν , (13)
that has the property ∆µνUν = 0. Equation (12) is the
corresponding diffusion four-flux of species a of the mix-
ture and by taking the sum of (11) over all the compo-
nents we easily note that
Nµ =
r∑
a=1
Nµa = nU
µ, n =
r∑
a=1
na,
r∑
a=1
J
µ
a = 0,
(14)
where the last equation implies that there exist only
(r − 1) partial diffusion fluxes that are linearly indepen-
dent for a mixture of r constituents.
On the other hand, to obtain the balance equation for
the energy-momentum of the a-species defined by
T µνa = c
∫
pµap
ν
afa
√−g d
3pa
pa0
, (15)
we multiply the Boltzmann equation (5) by the collisional
invariant Ψa = cp
µ
a and integrate the resulting equation
over
√−g d3papa0 . This process yields
T µνa;ν = P
µ
a , (16)
where the production term Pµa is given by
Pµa =
r∑
b=1
c
∫
(p′µa −pµa)fafbFbaσabdΩ
√−g d
3pb
pb0
√−g d
3pa
pa0
.
(17)
Note that this equation does not represent a conservation
law, but if we sum Eq. (16) over all species we obtain
T µν;ν =
r∑
a=1
Pµa = 0, (18)
that represents a conservation equation for the energy-
momentum tensor of the mixture T µν =
∑r
a=1 T
µν
a . By
following the decomposition of Eckart (see e.g. [21–23]),
the energy-momentum tensor of the a-species can be
written as
T µνa =
naea
c2
UµUν +
1
c2
Uµ (qνa + haJ
ν
a)
+
1
c2
Uν (qµa + haJ
µ
a)− (pa +̟a)∆µν + p〈µν〉a , (19)
where several definitions are to be made. First we can
list the local equilibrium quantities: energy per particle
ea, hydrostatic pressure pa and the enthalpy per particle
ha = ea + pa/na. Next, the non-equilibrium quantities
are: dynamical pressure ̟a, heat four-flux q
µ
a and pres-
sure deviator tensor p
〈µν〉
a . They are given in terms of the
following projections of the energy-momentum tensor of
the a-species:
qµa + haJ
µ
a = ∆
µ
σT
σν
a Uν , ea =
1
nac2
UµT
µν
a Uν ,(20)
p〈µν〉a =
(
∆µσ∆
ν
τ −
1
3
∆µν∆στ
)
T στa ,(21)
pa +̟a = −
1
3
∆µνT
µν
a .(22)
The corresponding quantities for the mixture are:
e =
r∑
a=1
na
n
ea, p =
r∑
a=1
pa, ̟ =
r∑
a=1
̟a, (23)
h =
r∑
a=1
na
n
ha, p
〈µν〉 =
r∑
a=1
p〈µν〉a , (24)
qµ =
r∑
a=1
(qµa + haJ
µ
a) , (25)
4so that the energy-momentum tensor of the mixture is
written as
T µν =
ne
c2
UµUν +
1
c2
(Uµqν + Uνqµ)
−(p+̟)∆µν + p〈µν〉. (26)
Note that the heat four-flux qµ Eq. (25) of the mixture
has two contributions, this is in accordance with the Lin-
ear Irreversible Thermodynamics [16], one term is related
with the partial heat flux and another with the transport
of energy driven by diffusion.
Another quantity which is important in the analysis of
mixtures of relativistic gases is the entropy four-flow of
the mixture Sµ, defined by
Sµ = −kc
r∑
a=1
∫
pµafa ln(bafa)
√−g d
3pa
pa0
, (27)
where ba is a constant which has inverse units of fa. Its
balance equation is obtained through the multiplication
of the Boltzmann equation (5) by −kc ln(bafa), the sub-
sequent integration over
√−g d3papa0 and the sum over all
species, yielding
Sµ;µ = σ ≥ 0, (28)
σ =
ck
4
r∑
a=1
r∑
b=1
∫
fafb ln
f ′af
′
b
fafb
(
f ′af
′
b
fafb
− 1
)
×FbaσabdΩ
√−g d
3pb
pb0
√−g d
3pa
pa0
. (29)
The quantity σ is the entropy four-flow production of the
mixture, which is always positive semi-definite, thanks to
the relationship (x−1) lnx ≥ 0 valid ∀x > 0. The entropy
four-flow of the mixture is decomposed according to:
Sµ = nsUµ +Φµ, s =
1
c2n
SµUµ, Φ
µ = ∆µνS
ν ,(30)
where the quantity s is identified as the entropy per par-
ticle of the mixture and Φµ its entropy flux. The entropy
per particle of species a is given by
sa = −kUµ
cna
∫
pµafa ln(bafa)
√−g d
3pa
pa0
, (31)
so that we have ns =
∑r
a=1 nasa.
In the kinetic theory of relativistic gases there exist
two decompositions that are often used: the Eckart and
the Landau-Lifshitz (see e.g. [2, 3]). The difference be-
tween the decompositions is that the heat flux appears in
the particle four-flow but not in the energy-momentum
tensor in the Landau-Lifshitz decomposition, contrary to
the Eckart one. One can take both decompositions for
the determination of the constitutive equations and the
results are the same. However, there are situations where
one should apply only one of the decompositions, which
is in the case of using BGK models of the Boltzmann col-
lision operator. The model equations of the Boltzmann
equation normally considered in the relativistic kinetic
theory are due to Marle and Anderson and Witting (see
e.g. [2, 3]). For the Marle model one should take the
Eckart decomposition, while for the Anderson and Wit-
ting model the Landau-Lifshitz decomposition should be
used.
The main problem in the kinetic theory is to find a
solution of the Boltzmann equation (5), because as we
have seen, all the above definitions can be evaluated by
integrating functions that involve fa (x
µ, pµa). The equi-
librium quantities can be evaluated with the local equi-
librium distribution function (6) and read:
ea = mac
2
(
Ga − 1
ζa
)
, (32)
pa = nakT, ha = mac
2Ga, (33)
sa = k
{
ln
[
4πm2ackTK2(ζa)
naba
]
+ ζaGa − 1
}
. (34)
The chemical potential of species a is introduced through
the Gibbs function per particle, namely, µa = ea−T sa+
pa/na and by taking into account the above expressions
we get
µa = kT ln
enaba
4πm2ackTK2(ζa)
. (35)
In next sections, we will use a method that allow to
obtain expressions for the diffusion fluxes Jµa , heat flux
qµ, non-equilibrium pressure ̟, pressure deviator tensor
p〈µν〉 and entropy flux Φµ. Furthermore, we will show the
dependence of Jµa , and q
µ in terms of the gravitational
potential and demonstrate the validity of the Onsager
reciprocity relations.
III. COMBINED CHAPMAN-ENSKOG AND
GRAD METHOD
In this section we will use a method to extract ther-
modynamic information from the Boltzmann equation
[9, 10] that combines the features of the Chapman-
Enskog [17] and Grad’s moments one [11]. This method
has mainly two advantages, the first one is that we do
not need a solution of the integro-differential Boltzmann
equation as in the Chapman-Enskog method. The sec-
ond is that we do not need the field equations for the
moments as in the Grad method.
First we are going to describe how does the moment
Grad method is constructed. The central idea is to ex-
pand fa (x
µ, pµa) around the local equilibrium distribution
function in a series of an ortho-normal set. In this case,
we have 13r + 1 unknown variables (fields) that are de-
scribed with the quantities
{
na, U
µ, Jµa , T,̟a, q
µ
a , p
〈µν〉
a
}
(see Ref. [11]). Such an expansion reads
fa = f
(0)
a [1 +Aµapaµ +Aµνa paµpaν ] , (36)
where f
(0)
a is the local equilibrium distribution function
(Ju¨ttner distribution) described by Eq. (6). In Eq. (36)
5the unknown tensorial coefficients {Aµa ,Aµνa } are calcu-
lated by solving an algebraic system constructed with the
help of the definitions of the particle four-flowNµa and the
energy-momentum tensor T µνa . The details of such cal-
culation are long and unnecessary to do them here, they
can be consulted in Refs. [3, 19]. As a result of such
development the distribution function fa will depend on
linear terms of the thermodynamic fluxes, namely,
fa = f
(0)
a
{
1− Jaµ
pa
pµa +
qaµ
Tpa
pµa
cap
[
ζaGa − Uνp
ν
a
kT
]
+
pa〈µν〉
2pa
ζa
maha
pµap
ν
a
+
̟a
pa
∂ ln ζa
∂ ln cav
[
UµUνp
µ
ap
ν
a
k2T 2
− 3(c
a
p + ha/T )
cav
Uµp
µ
a
kT
− c
a
vζ
2
a + 3(c
a
p − h2a/kT 2)
cav
]}
. (37)
Here we have introduced the abbreviation Ga =
K3 (ζa) /K2 (ζa) and the partial specific heats per par-
ticle cav = k
(
ζ2a + 5Gaζa −G2aζ2a − 1
)
and cap = c
a
v + k at
constant volume and pressure, respectively.
Then, following the combined Chapman-Enskog-Grad
method [9], the expansion (37) must be compatible with
the truncated Chapman-Enskog series up to first order,
that is fa = f
(0)
a (1 + φa) where φa is the first correction
to the distribution function f
(0)
a .
Now we can proceed to linearize the Boltzmann equa-
tion as follows, we substitute fa = f
(0)
a (1 + φa) in the
left hand side of the Boltzmann equation (5) and keep
the linear terms. This process is technically the same
of that developed in the Chapman-Enskog method. We
also use the so-called functional hypothesis, namely, fa =
fa (x
µ, pµa |na, Uµ, T ), leading to
pµa
∂f
(0)
a
∂xµ
− Γiµνpµapµa
∂f
(0)
a
∂pµ
= f (0)a
{
pµa
na
∂na
∂xµ
+
pµa
T
[
1− ζaGa + p
λ
aUλ
kT
]
∂T
∂xµ
− 1
kT
pµap
i
a
∂Ui
∂xµ
− c
2
2kT
pkap
i
ap
j
aδijδkl
U τpaτ
dg1
dr
xl
r
+
c2
kT
g1Γ
i
µν
pµap
ν
ap
j
aδij
U τpaτ
}
. (38)
On the other hand, we substitute the Grad function
Eq. (37) in the collisional term (right hand side) of the
Boltzmann equation (5), and keep only the linear terms.
This process yields
r∑
b=1
∫
(f ′af
′
b − fafb)Fbaσab dΩ
√−g d
3pb
pb0
= −
r∑
b=1
{
Iab [pµb ]
Jbµ
pb
+ Iab [pµa ]
Jaµ
pa
−Iab
[
pµb
cbp
(
ζbGb − Uνp
ν
b
kT
)]
qbµ
Tpb
− Iab
[
pµa
cap
(
ζaGa − Uνp
ν
a
kT
)]
qaµ
Tpa
− Iab
[
ζb
mbhb
pµb p
ν
b
]
pb〈µν〉
2pb
−Iab
[
ζa
maha
pµap
ν
a
]
pa〈µν〉
2pa
− Iab
[
∂ ln ζb
∂ ln cbv
(
UµUνp
µ
b p
ν
b
k2T 2
− 3(c
b
p + hb/T )
cbv
Uµp
µ
b
kT
)]
̟b
pb
−Iab
[
∂ ln ζa
∂ ln cav
(
UµUνp
µ
ap
ν
a
k2T 2
− 3(c
a
p + ha/T )
cav
Uµp
µ
a
kT
)]
̟a
pa
}
. (39)
Here we have introduced the collision operators
Iab [ϕa] =
∫
f (0)a f
(0)
b (ϕ
′
a − ϕa)FabσabdΩ
√−g d
3pb
pb0
,
(40)
for any function that depends on the momentum four-
vector ϕa(p
µ
a). Note that Eq. (40) imply that we can
write for an arbitrary function ψb(p
µ
b )∫
ψbIab [ϕa]
√−g d
3pa
pa0
=
∫
ϕaIab [ψb]
√−g d
3pa
pa0
,
(41)
6thanks to the symmetry properties of the collision oper-
ator.
By collecting the above information the linearized
Boltzmann equation in the combined Chapman-Enskog-
Grad method becomes
f (0)a
{
pµa
na
∂na
∂xµ
+
pµa
T
[
1− ζaGa + p
λ
aUλ
kT
]
∂T
∂xµ
− 1
kT
pµap
i
a
∂Ui
∂xµ
− c
2
2kT
pkap
i
ap
j
aδijδkl
U τpaτ
dg1
dr
xl
r
+
c2
kT
g1Γ
i
µν
pµap
ν
ap
j
aδij
U τpaτ
}
= −
r∑
b=1
{
Iab [pµb ]
Jbµ
pb
+ Iab [pµa ]
Jaµ
pa
− Iab
[
pµb
cbp
(
ζbGb − Uνp
ν
b
kT
)]
qbµ
Tpb
− Iab
[
pµa
cap
(
ζaGa − Uνp
ν
a
kT
)]
qaµ
Tpa
−Iab
[
ζb
mbhb
pµb p
ν
b
]
pb〈µν〉
2pb
− Iab
[
ζa
maha
pµap
ν
a
]
pa〈µν〉
2pa
− Iab
[
∂ ln ζb
∂ ln cbv
(
UµUνp
µ
b p
ν
b
k2T 2
− 3(c
b
p + hb/T )
cbv
Uµp
µ
b
kT
)]
̟b
pb
−Iab
[
∂ ln ζa
∂ ln cav
(
UµUνp
µ
ap
ν
a
k2T 2
− 3(c
a
p + ha/T )
cav
Uµp
µ
a
kT
)]
̟a
pa
}
, (42)
due to (38) and (39).
In the next sections we will use (42) in order to deter-
mine the constitutive equations for the diffusion fluxes
J
µ
a , heat flux q
µ, non-equilibrium pressure ̟ and pres-
sure deviator tensor p〈µν〉.
IV. FICK AND FOURIER LAWS
Now we will obtain a system of linear equations for
the determination of the the diffusion fluxes Jµa and the
heat flux of the mixture qµ. The solution of such a sys-
tem will represent the form of the linear fluxes in terms
of the thermodynamic forces. The integral functions for
the transport coefficients and therefore the Onsager reci-
procity relations will be analyzed in the next subsection.
To obtain the first one of the looked set of equations,
we multiply Eq. (42) by c∆µνp
ν
a/na and integrate over√−g d3papa0 . The integrals used for this process can be
consulted in the Appendix. The resulting equation is
− 1
na
∇µpa +
ha
c2
∆µi
[
Uν
∂Ui
∂xν
− 1
1− Φ2/4c4
∂Φ
∂xi
]
=
r∑
b=1
(AabJµb −Fabqµb ) ,(43)
where ∇µ = ∆µν∂ν is the gradient operator and Φ =
−GMr is the gravitational potential. In Eq. (43) we have
introduced the matrices Aab and Fab. We can split Aab
for different indices {a, b}
Aab = − c∆
µν
3nanbkT
∫
paµIab [pbν ]
√−g d
3pa
pa0
, a 6= b,
(44)
and for equal indices {a, b = a},
Aaa = − c∆
µν
3n2akT
[ r∑
b=1
∫
paµIab [paν ]
+
∫
paµIaa [paν ]
]√−g d3pa
pa0
. (45)
The matrix Fab introduced in Eq. (43) is written by
doing the same splitting, for unlike indices {a, b} we have
Fab = − c∆
µν
3nanbkT 2
∫
paµIab
[
ζb
cbp
(
Gb − Uτp
τ
b
mbc2
)
pbν
]
×√−g d
3pa
pa0
, a 6= b, (46)
and for like indices {a, b = a},
Faa = − c∆
µν
3n2akT
2
{
r∑
b=1
∫
paµIab
[
ζa
cap
(
Ga − Uτp
τ
a
mac2
)
paν
]
+
∫
paµIaa
[
ζa
cap
(
Ga − Uτp
τ
a
mac2
)
paν
]}√−g d3pa
pa0
. (47)
Next we look for a second equation which is indepen-
dent from Eq. (43). Hence, we multiply the linearized
Boltzmann equation (42) by ∆µν
cζa
c
a
pnaT
(
Ga − Uσp
σ
a
mac2
)
pνa
and integrate over
√−g d3papa0 , for this long process we use
also the integrals that appear in the Appendix. The re-
sult becomes
1
T
{
∇µT − T
c2
∆µi
[
Uν
∂Ui
∂xν
− 1
1− Φ2/4c4
∂Φ
∂xi
]}
=
r∑
b=1
(FbaJµb −Habqµb ) ,(48)
where another matrix Hab is defined. As with the others
operators, we splitHab in the part for unlike indices {a, b}
Hab = − c∆
µν
3nanbkT 3
∫
ζa
cap
(
Ga − Uσp
σ
a
mac2
)
paµ
×Iab
[
ζb
cbp
(
Gb − Uǫp
ǫ
b
mbc2
)
pbν
]√−g d3pa
pa0
, a 6= b,(49)
7and the corresponding for same indices
Haa = − c∆
µν
3n2akT
3
{
r∑
b=1
∫
ζa
cap
(
Ga − Uσp
σ
a
mac2
)
paµ
×Iab
[
ζa
cap
(
Ga − Uǫp
ǫ
a
mac2
)
paν
]
+
∫
ζa
cap
(
Ga − Uσp
σ
a
mac2
)
paµ
×Iaa
[
ζa
cap
(
Ga − Uǫp
ǫ
a
mac2
)
paν
]}√−g d3pa
pa0
. (50)
Hence, we have obtained the desired system of alge-
braic equations, namely (43) and (48) which are an inde-
pendent set of linear equations for the determination of
the diffusion Jµa and heat q
µ
a fluxes.
A. Onsager reciprocity relations
In this section we will show that the Onsager reci-
procity relations hold for the system under consideration.
The idea is to verify if the matrix associated with the
diffusion coefficients is symmetric and therefore the so-
called cross effects are equal as it is described from one of
the hypothesis of the Linear Irreversible Thermodynam-
ics [16]. One cross effect for our system is the contribu-
tion to diffusion due to the temperature gradient, this is
often called “Soret” effect. The other cross effect is the
contribution to the heat flux due to the chemical poten-
tial gradient or a concentration gradient, when it is due
to the last, it is called “Dufour” effect. This demonstra-
tion is general in the sense that no interaction between
the particles is established, but of course, the microscopic
reversibility principle is called for the collisional term of
the Boltzmann equation (5).
Let us now write the thermodynamic forces in order to
identify clearly the Soret and Dufour effects in terms of
the temperature and chemical potential gradients.
First we define a generalized thermal force as
∇µT = ∇µT − T
c2
∆µi
[
Uν
∂Ui
∂xν
− 1
1− Φ2/4c4
∂Φ
∂xi
]
,
(51)
where the first term contains a temperature gradient
while the second one – whose nature is strictly rela-
tivistic due to the factor T/c2 – is proportional to the
four-acceleration and the gravitational potential gradi-
ent. The term due to the four-acceleration was proposed
by Eckart [12] while the one due to the gravitational
potential gradient by Tolman [13, 14]. If we think in
a relativistic gas in equilibrium, we can conjecture the
following two aspects: (i) in the absence of a gravita-
tional potential gradient, the temperature gradient must
be counterbalanced by an acceleration and (ii) in the ab-
sence of an acceleration, the temperature gradient must
be counterbalanced by a gravitational potential gradient.
Now, Eq. (48) can be written in terms of the thermal
force as
1
T
∇µT =
r−1∑
b=1
(Fba −Fra) Jµb −
r∑
b=1
Habqµb . (52)
Above we have considered the constraint
∑r
a=1 J
µ
a = 0
which implies that there exist only r − 1 linearly inde-
pendent diffusion fluxes.
Next we recall that the chemical potential of species
a is defined through the Gibbs function per particle
(µa = ea−T sa+pa/na). So that, the following important
relationship holds for its gradients
∇µ
(µa
T
)
=
1
naT
∇µpa −
ha
T 2
∇µT. (53)
Therefore, the substitution of Eq. (53) into (43) yields
− T∇µ
(µa
T
)
− ha
T
∇µT =
r∑
b=1
(AabJµb −Fabqµb ) . (54)
Moreover, by considering that there exist r − 1 indepen-
dent diffusion fluxes, we we can take the rth component
of Eq. (54) and subtract it from (54) itself, yielding
− T∇µ
(
µa − µr
T
)
− ha − hr
T
∇µT =
=
r−1∑
b=1
(Aab −Arb −Aar +Arr) Jµb
−
r∑
b=1
(Fab −Frb) qµb . (55)
Now we can proceed to solve the system of linear equa-
tions formed by Eqs. (52) and (55). First we solve Eq.
(52) for qµb , yielding
qµc =
r∑
d=1
(H−1)
cd
{
− 1
T
∇µT
}
+
r∑
d=1
r−1∑
b=1
(H−1)
cd
(Fbd −Frd) Jµb , (56)
where
(H−1)
cd
is the inverse matrix of Hcd so that(H−1)
cd
Hda = δca is the identity matrix. Then we insert
Eq. (56) into Eq. (55) and solve for Jµa ,
J
µ
a = −T
r−1∑
b=1
D′ab∇µ
(
µb − µr
T
)
− Da
T
∇µT . (57)
Here we identify the above equation as the generalized
Fick law, where the coefficients D′ab and Da are related
with the diffusion and thermal-diffusion (Soret) effects,
respectively. The inverse of the diffusion matrix reads(
D′−1
)
ab
= Aab −Arb −Aar +Arr
−
r∑
c=1
r∑
d=1
(Fac −Frc)
(H−1)
cd
(Fbd −Frd) , (58)
8while the thermal-diffusion coefficients are given by
Da =
r−1∑
b=1
D′ab
{
hb − hr +
r∑
c=1
r∑
d=1
(Fbc −Frc)
(H−1)
cd
}
.
(59)
Now we have to obtain the total heat flux as a function
of the temperature and chemical potential gradients. For
this end, we rewrite the total heat four-flux (25) as
qµ =
r∑
a=1
qµa +
r−1∑
a=1
(ha − hr) Jµa , (60)
and substitute in it the expressions found for qµa and J
µ
a ,
i.e. Eqs. (56) and (57). Hence it follows the Fourier law
qµ = −λ
′
T
∇µT − T
r−1∑
a=1
D′a∇µ
(
µa − µr
T
)
, (61)
where we have introduced the thermal conductivity co-
efficient
λ′ =
r∑
a=1
r∑
b=1
(H−1)
ab
+
r−1∑
b=1
Db
[
hb − hr
+
r∑
a=1
r∑
c=1
(H−1)
ac
(Fbc −Frc)
]
, (62)
and the diffusion-thermal coefficient
D′a =
r−1∑
b=1
D′ba
[
hb − hr +
r∑
c=1
r∑
d=1
(H−1)
cd
(Fbd −Frd)
]
.
(63)
Ultimately, we make a close inspection of the matrices
Aab, Fab and Hab which are given as functions of the col-
lision operators Iab. From (44), (46) and (49), we may in-
fer that only Aab and Hab are symmetric matrices, while
Fab is non-symmetric. Hence we may conclude from (58)
that the matrix related with the diffusion coefficients are
symmetric, i.e., D′ab = D′ba. Moreover, for the coefficients
of cross effects – namely the Soret Da and Dufour D′a –
we note from the symmetry ofHab and Dab that (59) and
(63) are equivalent, so that Da = D′a. The relationships
D′ab = D′ba and Da = D′a imply a demonstration of the
validity of the Onsager reciprocity relations. Note that as
in another’s demonstrations [20], it appears to be an ulti-
mate macroscopic effect that can only be proved because
of the symmetries that belong to the collisional term of
the Boltzmann equation (5) given from the H-theorem
i.e. microscopic reversibility principle.
B. Thermal and diffusion forces
It is usual in the theory of fluid mixtures to express the
diffusion fluxes and the heat flux of the mixture in terms
of the generalized thermal and diffusion forces. The ther-
mal force for a relativistic fluid was introduced in the last
section (see (51)). On the other hand, we follow [7] and
define the generalized diffusion force of species a as
d
µ
a = ∇µxa + (xa − 1)∇µ ln p
−naha − nh
pc2
∆µj
[
U τ
∂Uj
∂xτ
− 1
1− Φ2/4c4
∂Φ
∂xj
]
, (64)
where xa = pa/p = na/n is the concentration of species a.
We can identify four contributions to the generalized dif-
fusion force: a concentration gradient, a pressure gradi-
ent, a term proportional to the four-acceleration and the
gradient of the gravitational potential. Here it is impor-
tant to emphasize that contrary to what happens with
the thermal force, the terms with the four-acceleration
and gradient of gravitational potential are not of a
strictly relativistic nature. Indeed, (naha − nh)/c2p =
(namaGa −
∑r
b=1 nbmbGb)/p and Gb → 1 for ζb ≫ 1.
This equation has a very important feature because it
represents the generalization of the diffusion force origi-
nally written for the non-relativistic case [17, 18]. More
discussions about this point can be found in [7]. Here
as in the non-relativistic case, exist only r − 1 linearly
independent generalized diffusion forces due to the rela-
tionship
∑r
a=1 d
µ
a = 0.
Now we can proceed to express the vectorial fluxes in
terms of the generalized thermal and diffusive forces. To
do so, we use the momentum density balance equation
(see [7])
∂p
∂xi
− nh
c2
[
Uν
∂Ui
∂xν
− 1
1− Φ2/4c4
∂Φ
∂xi
]
= 0, (65)
and the gradient of the chemical potential written as
− T∇µ
(
µa − µr
T
)
= − p
na
(∇µxa + xa∇µ ln p)
+
p
nr
(∇µxr + xr∇µ ln p) + ha − hr
T
∇µT. (66)
After some rearrangements, the expressions for (57) and
(61) become
J
µ
a =
r−1∑
b=1
D˜abdµb +
D˜a
T
∇µT , (67)
qµ =
λ˜
T
∇µT +
r−1∑
a=1
D˜′adµa . (68)
In these representations for the generalized thermal and
diffusion forces, the transport coefficients read:
D˜ab = −
r−1∑
c=1
D′ac
p
nb
(
δbc +
nb
nr
)
, (69)
D˜a = −
r−1∑
b=1
r∑
c=1
r∑
d=1
D′ab (Fbc −Frc)
(H−1)
cd
, (70)
λ˜ = −
r∑
a=1
r∑
b=1
[ (H−1)
ab
9+
r−1∑
c=1
Dc
(H−1)
ab
(Fcb −Frb)
]
, (71)
D˜′a = −
r−1∑
b=1
Da p
na
(
δab +
na
nr
)
. (72)
At this point it is worth pausing to make two com-
ments. Firstly, by looking the expression for the general-
ized diffusion force Eq. (64) we note that it depends on:
(i) A concentration gradient, that tends to reduce the
non-homogeneity of the mixture; (ii) a pressure gradient,
where heavy particles tend to diffuse to places with high
pressures, e.g. in centrifuges; (iii) an acceleration, which
acts on different masses and (iv) a gravitational potential
gradient. Secondly, let us suppose a mixture in which the
generalized thermal force vanishes, the pressure is con-
stant and there is no acceleration. We can think also that
there is no diffusive flux, implying a pseudo-equilibrium
state. It is very interesting such a situation because of
its physical implications, that is, the gradient of concen-
tration has to be counterbalanced by the gravitational
potential gradient.
To complete this section, we point out that the thermal
conductivity coefficient λ in a mixture is defined as the
ratio of the heat flux to the temperature gradient. This
when there is no diffusion i.e., when Jµa = 0. From (56)
and (60), we have
λ =
r∑
a=1
r∑
b=1
(H−1)
ab
. (73)
Furthermore, in the absence of a temperature gradient
the constitutive equation for the diffusion fluxes (67) are
proportional only to the generalized diffusion forces and
D˜ab is identified as the matrix of the diffusion coefficients.
V. ENTROPY FLUX OF THE MIXTURE
In this section we will show that the entropy four-flow
for the system under consideration takes the form as pre-
dicted by the Linear Irreversible Thermodynamics. Ac-
cording to (27) and (30)3 the entropy flux of the mixture
is given by
Φµ = −kc∆µν
r∑
a=1
∫
pνafa ln(bafa)
√−g d
3pa
pa0
. (74)
We substitute the Grad distribution function (37)
into the above expression and linearize in the fluxes
J
µ
a , q
µ, ̟, p〈µν〉. After integration the entropy flux takes
the form
Φµ =
1
T
r∑
a=1
qµa +
r∑
a=1
saJ
µ
a =
qµ
T
−
r∑
a=1
µa
T
J
µ
a
=
qµ
T
−
r−1∑
a=1
µa − µr
T
J
µ
a . (75)
The first equality above shows that the entropy flux of
the mixture is a sum of two terms: one refers to the
sum of all partial heat fluxes divided by the temperature
and the other is a sum of the transport due to diffusion
of the partial entropies per particle. The second equal-
ity is well-known from non-relativistic Linear Irreversible
Thermodynamics [16], and is connected with the trans-
port of the chemical potentials driven by diffusion.
We can also express the entropy flux of the mixture in
terms of the thermal and diffusion generalized forces by
substituting the representations (67) and (68) into (75),
yielding
Φµ = − L
T 2
∇µT −
r−1∑
a=1
La
T
d
µ
a . (76)
Here the scalar coefficients L and La read
L = λ˜−
r−1∑
a=1
(µa − µr) D˜a, (77)
La = D˜′a −
r−1∑
b=1
(µb − µr) D˜ba. (78)
It is clear from the definitions of the thermal (51) and dif-
fusive (64) forces that the entropy flux of the mixture (76)
depends on the temperature, concentration and pressure
gradients as well as on the acceleration and gravitational
potential gradient.
VI. NAVIER-STOKES LAW
In this section we will calculate the constitutive equa-
tions for a relativistic Newtonian fluid, in other words
the Navier-Stokes law. This law is usually separated in
two equations. The first one is for the non-equilibrium
pressures and it is associated with the bulk viscosity. The
second one is for the pressure deviator tensor and it is
associated with the shear viscosity.
Let us start with the constitutive equation for the par-
tial non-equilibrium pressures ̟a of species a, it is ob-
tained as follows. We multiply (42) by ∆στp
σ
ap
τ
a and
integrate over
√−g d3papa0 . For this purpose, we use the in-
tegrals from the Appendix. We also eliminate the deriva-
tive projections Uµ∂µ with the help of the partial particle
number density and energy per particle balance equa-
tions. Such balance equations correspond to an Eulerian
fluid, where non-equilibrium quantities Jµa , q
µ
a̟a, p
〈µν〉
a
vanish, that is
Uµ∂µna + na∇µUµ = 0, (79)
nac
a
vU
µ∂µT + pa∇µUµ = 0. (80)
The result of this process becomes a system of equations
for ̟b and it reads
−
[
pakT
c3
∂ ln ζa
∂ ln cav
]
∇µUµ =
r∑
b=1
Rab̟b. (81)
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Here we have introduced the matrixRab, which is defined
for different indices {a, b} as:
Rab = UµUνUσ
c2pb
∫
pµap
ν
aIab
[
∂ ln ζb
∂ ln cbv
(
Uτp
τ
b
kT
−3(c
b
p + hb/T )
cbv
)
pσb
kT
]
√−g d
3pa
pa0
, a 6= b. (82)
And in a similar fashion of the previous sections, we write
this matrix for equal indices {a, b = a} as
Raa = UµUνUσ
c2pa
{
r∑
b=1
∫
pµap
ν
aIab
[
∂ ln ζa
∂ ln cav
(
Uτp
τ
a
kT
−3(c
a
p + ha/T )
cav
)
pσa
kT
]
+
∫
pµap
ν
aIaa
[
∂ ln ζa
∂ ln cav
(
Uτp
τ
a
kT
−3(c
a
p + ha/T )
cav
)
pσa
kT
]}
√−g d
3pa
pa0
. (83)
The solution of the linear system of equations (81) for
the partial non-equilibrium pressures ̟a is given by
̟a = −
[
r∑
b=1
(R−1)
ab
pbkT
c3
∂ ln ζb
∂ ln cbv
]
∇µUµ, (84)
where
(R−1)
ab
denotes the inverse of the matrix Rab.
The constitutive equation for the non-equilibrium pres-
sure of the mixture is obtained from the sum of (84) over
all constituents according to (23)3. Hence it follows
̟ = −η∇µUµ, (85)
where the bulk viscosity coefficient of the mixture reads
η =
r∑
a,b=1
(R−1)
ab
pbkT
c3
∂ ln ζb
∂ ln cbv
. (86)
For the second equation that conforms the Navier-
Stokes law, which is the pressure deviator constitutive
one, we proceed in an analogous manner. We take the
product of (42) with [∆
(µ
σ ∆
ν)
τ −∆στ∆µν/3]pσapτa and inte-
grate over
√−g d3papa0 . This process leads to the following
linear system of equations for the partial pressure devia-
tor tensors p
〈µν〉
b :
2∇〈µUν〉 =
r∑
b=1
Kabp〈µν〉b . (87)
In this last equation we have introduced the following ab-
breviation for the symmetric and traceless four-velocity
gradient
∇〈µUν〉 =
(
∆µσ∆
ν
τ +∆
ν
σ∆
µ
τ
2
− ∆
µν∆στ
3
)
∂σU τ .(88)
Equation (87) also includes the definition of the matrix
Kab which reads
Kab = −
c3∆µ〈σ∆τ〉ν
10pahapb
∫
pσap
τ
aIab
[
ζb
mbhb
pµb p
ν
b
]
×√−g d
3pa
pa0
, a 6= b (89)
Kaa = −
c3∆µ〈σ∆τ〉ν
10pahapa
{
r∑
b=1
∫
pσap
τ
aIab
[
ζa
maha
pµap
ν
a
]
+
∫
pσap
τ
aIaa
[
ζa
maha
pµap
ν
a
]}√−g d3pa
pa0
. (90)
From the solution of the linear system of equations (87)
for p
〈µν〉
b and from the relationship p
〈µν〉 =
∑r
b=1 p
〈µν〉
b , it
follows the constitutive equation for the pressure deviator
tensor of the mixture:
p〈µν〉 = 2µ∇〈µUν〉. (91)
Here the shear viscosity coefficient of the mixture is given
by
µ =
r∑
a,b=1
(K−1)
ab
. (92)
Equations (85) and (91) are the constitutive equa-
tions of a relativistic Newtonian fluid, also known as the
Navier-Stokes constitutive equations.
VII. CONCLUSIONS
In this work we have studied a mixture of r species of
relativistic gases in the presence of gravitational fields.
The curvature of the space-time was introduced by in-
corporating the Christoffel symbols to the Boltzmann
equation. We used the Schwarzschild metric written in
isotropic coordinates. A linearized Boltzmann equation
was obtained by following a methodology which combines
the features of the Chapman-Enskog and Grad methods.
By applying the Chapman-Enskog-Grad combined
method to the Boltzmann equation we obtained a linear
expression (Eq. (42)) which was used for the determi-
nation of the thermodynamic fluxes as functions of the
thermodynamic forces. The Navier-Stokes law was de-
rived as well as the generalized of Fourier and Fick laws.
The proof of the validity of the Onsager reciprocity
relations was possible lastly because of the symmetries
of the collisional term of the Boltzmann equation. These
symmetries are those associated with the H-theorem and
the microscopic reversibility principle. This reinforces
the idea that the Onsager reciprocity relations are the
macroscopic manifestation of the microscopic symmetries
of the trajectories of the particles that conform the gas.
We have introduced the thermal force
∇µT = ∇µT − T
c2
∆µi
[
Uν
∂Ui
∂xν
− 1
1− Φ2/4c4
∂Φ
∂xi
]
,
(93)
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which is a very eloquent result. Indeed, Eq. (93) turns
to be just the gradient of the temperature in the non-
relativistic limit i.e. ∇µT because the factor T/c2 of the
second term is of relativistic order. The inclusion of the
acceleration term into the thermal force was proposed
by Eckart [12] while the one relating the gravitational
potential gradient by Tolman [13, 14]. Here these terms
appear as a natural consequence of the solution of the
relativistic Boltzmann equation in gravitational fields.
On the other hand we have identified the generalized
diffusion force with
d
µ
a = ∇µxa + (xa − 1)∇µ ln p
−naha − nh
pc2
∆µj
[
U τ
∂Uj
∂xτ
− 1
1− Φ2/4c4
∂Φ
∂xj
]
. (94)
This is a new and interesting result because the third
term – which is related with the four-acceleration and
the gradient of the gravitational potential – does not go
to zero in the non-relativistic limiting case as the thermal
force. As it was pointed out in the work [7], the diffusion
force that came out from a non-relativistic kinetic the-
ory [17, 18] has a similar expression to (94). It depends
on the concentration and pressure gradients, but it has
a term depending on the forces which act on the parti-
cle of different species, such a term vanishes when only
gravitational forces are acting on the particles.
Another result obtained is the entropy flux of the rel-
ativistic mixture through the use of Grad’s distribution
function, which has a similar expression as the one of non-
relativistic Linear Irreversible Thermodynamics [16]. Its
constitutive equation was written in terms of the gen-
eralized thermal and diffusion forces, so that it depends
also on the acceleration and on the gravitational poten-
tial gradient.
Here is the place to discuss two additional issues. The
first one is the validity of the Onsager reciprocity rela-
tions for the case of a relativistic quantum gas. In such
a case, the local equilibrium distribution (which in this
work is given by Eq. (6)) would take a form of the Fermi-
Dirac and Bose-Einstein distributions for a fermionic and
bosonic gas, respectively. Quantum relativistic gases can
be described by the relativistic Uehling-Uhlenbeck equa-
tion (see e. g. [3]). As we have pointed out, the validity of
Onsager’s reciprocity relations are deeply associated with
the symmetries that belong to the H-theorem. In the
present work, those symmetries are implied in Eq. (41).
Then, to show the validity of the Onsager reciprocity re-
lations for a quantum system we need the validity of the
H-theorem, fact that has been shown in the literature in
Refs. [24] and [25] raising the possibility to explore that
issue. The second topic is related with Tolman’s law,
which has been derived in [13] and is valid for all static
spherical symmetrical line element. In the present work
we have used the Schwarzschild metric, which accord-
ing to Birkoff’s theorem is the most general spherically
symmetrical non-rotating and uncharged source of the
gravitational field.
As a final comment we call attention to the fact
that for the determination of all the transport coef-
ficients, we have to specify the interaction potential
of the relativistic particles and evaluate the matri-
ces {Rab,Kab,Aab,Fab,Hab}. This represents work in
progress and will be published in the future.
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APPENDICES
Table of integrals
For the purposes of this work, it is convenient to do the
following unique decomposition of the integral operators:
Xµνab =
∫
pµaIab [pνb ]
√−g d
3pa
pa0
=
1
3c2
(
4I1ab − I2ab
)
UµUν +
1
3
(
I2ab − I1ab
)
gµν , (95)
Xµνσab =
∫
pµap
ν
aIab [pσb ]
√−g d
3pa
pa0
=
2
3c3
(
3I3ab − I4ab
)
UµUνUσ − 1
3c
I3abg
µνUσ
+
1
3c
(
I4ab − I3ab
)
(gµσUν + gνσUµ) , (96)
Xµνστab =
∫
pµap
ν
aIab [pσb pτb ]
√−g d
3pa
pa0
=
2
15c4
(
24I5ab − 12I6ab + I7ab
)
UµUνUσU τ +
1
15c2
(I7ab − 2I6ab
−6I5ab)(gµνUσU τ + gστUµUν) +
1
30c2
(
16I6ab − 3I7ab − 12I5ab
)
(gµσUνU τ + gµτUνUσ + gνσUµU τ
+gντUµUσ) +
1
30
(
3I7ab − 6I6ab + 2I5ab
)
(gµσgντ + gµτgνσ) +
1
15
(
I5ab − I7ab + 2I6ab
)
gµνgστ , (97)
12
where I1ab . . . I
7
ab are given by
I1ab =
UµUν
c2
Xµνab , I
2
ab = gµνX
µν
ab , I
3
ab =
UµUνUσ
c3
Xµνσab , I
4
ab =
gµσUν
c
Xµνσab , (98)
I5ab =
UµUνUσUτ
c4
Xµνστab , I
6
ab =
gντUµUσ
c2
Xµνστab , I
7
ab = gµσgντX
µνστ
ab . (99)
Here we list a table of integrals that are used in the
previous sections.
∫
e−
1
kT
Uλpλ
d3p
p0
= 4πmkTK1(ζ),
∫
pµe−
1
kT
Uλp
λ d3p
p0
= 4πm2kTK2(ζ)U
µ, (100)∫
pµpνe−
1
kT
Uλp
λ d3p
p0
= −4π(mkT )2
[
K2(ζ)g
µν − ζK3(ζ)U
µUν
c2
]
, (101)∫
pµpνpσe−
1
kT
Uλp
λ d3p
p0
= −4πm3(kT )2
[K3(ζ)
3
g(µνUσ) − ζK4(ζ)U
µUνUσ
c2
]
, (102)∫
pµpνpσpτe−
1
kT
Uλp
λ d3p
p0
= 4π(mkT )3
[
K3(ζ)
3
g(µνgστ) − ζK4(ζ)g
(µνUσU τ)
6c2
+ ζ2K5(ζ)
UµUνUσU τ
c4
]
, (103)∫
pµpνpσpτpǫe−
1
kT
Uλp
λ d3p
p0
= 4πm4(kT )3
[
K4(ζ)
15
U (ǫgµνgστ) − ζK5(ζ)g
(µνUσU τU ǫ)
10c2
+ζ2K6(ζ)
UµUνUσU τU ǫ
c4
]
, (104)∫
e−
1
kT
Uλpλ
U τpτ
d3p
p0
= 4πm [K1(ζ) −Ki1(ζ)] ,
∫
pµ
e−
1
kT
Uλpλ
U τpτ
d3p
p0
= 4πm2
K1(ζ)
ζ
Uµ, (105)∫
pµpν
e−
1
kT
Uλpλ
U τpτ
d3p
p0
= −4πm
2kT
3
{[
K2(ζ)− ζ
(
K1(ζ)−Ki1(ζ)
)]
gµν
− 1
c2
[
4K2(ζ) − ζ
(
K1(ζ) −Ki1(ζ)
)]
UµUν
}
, (106)∫
pµpνpσ
e−
1
kT
Uλpλ
U τpτ
d3p
p0
= −4πm
2k2T 2
c2
{
K2(ζ)
3
g(µνUσ) − [ζK3(ζ) + 2K2(ζ)]UµUνUσ
c2
}
, (107)∫
pµpνpσpτ
e−
1
kT
Uλpλ
Uθpθ
d3p
p0
=
4πm3k2T 2
15
{
3K3(ζ)− ζK2(ζ) + ζ2[K1(ζ) −Ki1(ζ)]
3
g(µνgστ)
− 1
6c2
[
18K3(ζ) − ζK2(ζ) + ζ2 (K1(ζ)−Ki1(ζ))
]
g(µνUσU τ)
+
3
c4
[
48K3(ζ) + 4ζK2(ζ) + ζ
2 (K1(ζ) −Ki1(ζ))
]
UµUνUσU τ
}
, (108)∫
pµpνpσpτpǫ
e−
1
kT
Uλpλ
Uθpθ
d3p
p0
=
4πm6c4
ζ3
{
K3(ζ)
15
U (µgντgσǫ) − 1
10c2
[8K3(ζ) + ζK2(ζ)]g
(µǫUνUσU τ)
+
1
c4
[
ζ2K3(ζ) + 12ζK2(ζ) + 80K3(ζ)
]
UµUνUσU τU ǫ
}
. (109)
Above the parenthesis around N indexes indicate a sum over all permutations of these indexes divided by N !.
Furthermore, Kin(ζ) denotes the integral
Kin(ζ) =
∫ ∞
0
e−ζ cosh t
coshn t
dt. (110)
Cristoffel symbols for the Schwarzschild isotropic
metric
13
Γ000 = 0, Γ
0
ij = 0, Γ
k
ij = 0 (i 6= j 6= k), Γi0j = 0, Γii j =
1
2g1(r)
dg1(r)
dr
δjk
xk
r
, (111)
Γ00i =
1
2g0(r)
dg0(r)
dr
δij
xj
r
, Γi00 =
1
2g1(r)
dg0(r)
dr
xi
r
, Γji i = −
1
2g1(r)
dg1(r)
dr
xj
r
(i 6= j). (112)
The underlined indices above are not summed and
dg0(r)
dr
=
2GM
c2r2
(
1− GM2c2r
)(
1 + GM2c2r
)3 , dg1(r)dr = −2GMc2r2
(
1 +
GM
2c2r
)3
. (113)
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